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Recently, one analog of the Anderson Theorem for the s-wave superconductor has attracted much
interest in the context of the p-wave polar pairing state of superfluid 3He in a model aerogel in the
limit of strong uniaxial anisotropy. It is pointed out here that the impurity-scattering independent
transition temperature Tc between the normal and the polar-superfluid phases, a faithful representa-
tion of the Anderson Theorem, is obtained even in the case using aerogels with a moderately strong
but finite anisotropy, and that the impurity-scattering induced suppression of the low temperature
superfluid phase is more remarkable in aerogels with stronger anisotropy. Breakdown of the theorem
and a different situation in which it is apparently satisfied are also discussed.
PACS numbers:
Observations on superfluid 3He in anisotropic aerogels
continue to show strange results on its phase diagram.
The polar pairing state has been discovered in aerogels,
called nafen, with a nearly one-dimensional structure [1].
It has been found that this polar pairing state does not
occur when the magnetic scattering effect due to the solid
3He localized on the surface of the aerogel structure is
active [2]. This high sensitivity to the type of ”impurity”
scatterings of the superfuid phase diagram is not easily
explained within the original theoretical model assuming
a weak global anisotropy of the aerogel structure [3].
It has been suggested that, when the aerogel is coated
by the 4He atoms to make the magnetic scattering inef-
fective and is in the limit of strong uniaxial anisotropy,
i.e., in the case composed of scattering potentials with
an infinite-ranged correlation along the polar-anisotropy
axis, the normal to polar transition temperature Tc(P )
is insensitive to the (nonmagnetic) impurity scattering
effect [4]. Effects of such columnar or line-like scatter-
ing potentials on the bosonic degrees of freedom have
been previously considered in other contexts [5, 6]. Re-
cently, this result analogous to the Anderson Theorem in
the s-wave superconductor [7] has attracted much inter-
est [8, 9] in relation to the low temperature behavior of
the energy gap in the polar phase and to the robustness
of the p-wave superfluid polar phase in relatively dense
nematic aerogels. Previously, the feature often seen in
various nematic aerogels [1, 8] that the temperature re-
gion of the polar phase is broader at lower pressures has
been explained based on the anisotropy-induced strong
coupling correction [10] in the model assuming the weak
anisotropy [3]. Once taking account of the puzzling result
[2] brought by the magnetic impurities altogether, the
approach starting from the side of the strong anisotropy
seems to be more natural in explaining the wider polar
phase at lower pressures. On the other hand, a clear
evidence of the polar phase has been found only in the
nematic aerogels. Then, one might wonder whether the
polar phase occurs only in the limit of strong anisotropy.
In this communication, the consequences of the strong
anisotropy in the phase diagram of superfluid 3He in
aerogels with no magnetic scattering effect are studied,
and, in the weak-coupling BCS approximation, the fea-
ture corresponding to the Anderson Theorem such as the
impurity-scattering independent Tc is found even in the
scattering potential model with a finite-ranged correla-
tion along the polar axis. Thus, we argue that, consis-
tently with the original argument [3], the polar phase
may be realized in aerogels with a global anisotropy of a
moderate magnitude.
In addition to the polar phase, one or two other su-
perfluid phases generally appear at lower temperatures
than the polar one. In the weak-coupling approxima-
tion we focus here on, only the polar-distorted B (PdB)
phase becomes such a low temperature phase, and the
the corresponding A phase does not occur as far as the
strong-coupling (SC) effect is neglected. As pointed out
in Ref.[4], the transition line between the polar and other
pairing states is shifted to a lower temperature as the
impurity strength increases. We have examined the de-
pendences of TPB(P ) on the impurity strength and the
anisotropy and have found that the impurity-induced re-
duction of TPB(P ) is more remarkable with increasing the
anisotropy. Based on these results, one can understand
the fact that, within the measurable temperature range,
the polar phase is observed as the only superfluid phase
without a notable change of the Tc(P )-curve in a nematic
aerogel with a higher density [8, 9]. Further, the situa-
tion, in which Tc(P ) is also reduced so that the Anderson
Theorem is not satisfied, and relevances of the present re-
sults to other experiments using a weaker anisotropy [11]
will also be discussed.
First, let us sketch how the Anderson Theorem oc-
curs in the context of the p-wave superfluid phase. In
the language using the Green’s function, the impurity-
scattering independent Tc which is the main consequence
of this theorem occurs through a cancellation between the
impurity-induced self energy Σ of a normal quasiparticle
and the impurity-induced vertex correction to the pairing
process, where the bare vertex pˆj is replaced by the cor-
responding dressed one Cεpˆj . Using the mean-squared
impurity potential |u(q)|2 ≡ w(qˆ)/(2piN(0)τ) with the
density of states N(0), the relaxation rate τ−1, and the
unit vector qˆ = q/kF, the normal quasiparticle Green’s
2function Gε(p) takes the form [Gε(p)]
−1 = iε− ξp−Σ(ε),
where
Σ(ε) =
1
2piN(0)τ
∫
p1
w(pˆ − pˆ1)Gε(p1)
= −
i
2τ
〈w(pˆ− pˆ1)〉pˆ1sgn(ε), (1)
and ε is the Matsubara frequency. Thus, Gε(p) is ex-
pressed as (iε˜− ξp)
−1, where
ε˜ = ε+ sgn(ε)〈w(pˆ − pˆ1)〉pˆ1/(2τ) (2)
is generally pˆ-dependent. To see the impurity-scattering
effects on the superfluid transition temperature, we need
a pair-field vertex Cεpˆj defined in a consistent manner
with the Born approximation for Σ, which satisfies
Cεpˆj = pˆj +
∫
q
CεqˆjGε(q)G−ε(−q)w(pˆ− qˆ)/(2piτN(0))
= pˆj +
Cε
2τ
〈qˆjw(pˆ − qˆ)/|ε˜q|〉qˆ. (3)
In the case of the normal to polar transition in the en-
vironment consisting of line defects persistent along the
polar anisotropy axis ‖ zˆ, the z-component of the mo-
mentum transfer in each scattering event is zero (Fig.1
(a)) so that w(qˆ) can be written as
w∞(kˆ) = |w|δ(kˆz). (4)
The correlator W (r) ≡ u(r)u(0) corresponding to eq.(4)
is kFδ
(2)(r⊥)/(4piN(0)τ) and depends only on the per-
pendicular component r⊥ of r to the polar axis. Then,
R
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FIG. 1: (Color online) (a) Specular reflection expressing the
conservation of the component along the zˆ-axis (vertical di-
rection) of the momentum. (b) Rough picture of planar scat-
tering centers positioned randomly and with their surface per-
pendicular to the z-axis. On each center, the component per-
pendicular to the z-axis (i.e., parallel to the surface) of the
momentum is conserved at each scattering event.
ε˜p is independent of p. Further, replacing the bare vertex
pˆj in eq.(3) by pˆz inducing the polar phase, the vertex
coefficient Cε simply becomes
Cε =
|ε˜|
|ε|
. (5)
The corresponding linearlized gap equation obtained
by using eq.(5) loses any τ -dependence, and the Tc-
expression independent of the impurity strength follows.
As far as one focuses on the polar and PdB phases as
possible pairing states, the Ginzburg-Landau (GL) free
energy density f can be written in the form
f = αza
2
z + 2α⊥a
2
⊥
+ (4β12 + 2β345)a
4
⊥
+ 4(β12 + β12,z)a
2
⊥a
2
z + βza
4
z (6)
where the order parameter Aµi was represented as Aµi =
a⊥(δµ,i − zˆµzˆi) + az zˆµzˆi. The convention on the coeffi-
cients βij = βi + βj , and βij,z = βi,z + βj,z are used,
and the coefficients βi,z and βz are nonzero due to the
anisotropy. The normal to polar transition line Tc(P ) is
defined by αz = 0, and the nonvanishing az below Tc, i.e.,
in αz < 0, is determined by
√
−αz/2βz. In the limit of
the strong anisotropy, it is easily verified in the standard
way [12] that the positive coefficient βz calculated using
the relation (5) is independent of τ and coincides with
β12345 for the bulk liquid. Therefore, the energy gap is
also independent of the impurity strength in the limit of
strong anisotropy.
On the other hand, the polar to PdB transition line
TPB(P ) is given, within the GL approach, by
− (β12 + β12,z)αz + βzα⊥ = 0 (7)
and depends on the impurity strength through the τ de-
pendences of α⊥ and β12 + β12,z. In particular, since
the negative αz below Tc makes the first term of eq.(7)
positive, the TPB(P ) line lies far below the curve α⊥ = 0.
To see to what extent the Anderson Theorem for the p-
wave polar superfluid phase is reflected in the case where
the stretched anisotropy is finite, the following model on
the potential correlator W (r)
W (r) =
kF
4piN(0)τ
δ(2)(r⊥) exp(−|z|/Lz)
× [1 + θ(1− |δu|)(|δu|
−1/2 − 1)] (8)
with the correlation length Lz along the polar axis will
be used hereafter, where |δu| = k
2
FL
2
z is the measure of
the anisotropy. Then, eq.(4) is generalized to
w(kˆ) =
√
|δu|
1 + |δu|kˆ2z
(
1 + (|δu|
−1/2 − 1)θ(1 − |δu|)
)
. (9)
The model for the weak anisotropy introduced in Ref.[3]
corresponds to eq.(9) in the case with |δu| < 1. On the
other hand, eq.(9) reduces to eq.(4) with w = pi in Lz →
∞ limit. Equation (9) has been used to study how the
3half-quantum vortex (HQV) pair, which should appear
in the polar phase, survives in the PdB phase at lower
temperatures [13].
Below, let us clarify how the mean field and weak-
coupling phase diagram is changed with changing the
anisotropy |δu| and the impurity strength τ
−1. As clearly
seen in Fig.2 (a), the Tc(P )-curve for Lz ≃ 5.5k
−1
F is
already insensitive to τ and lies quite close to that in
Lz →∞ limit. Thus, the Anderson Theorem on the po-
lar to normal transition line is apparently satisfied in the
cases with a moderately strong anisotropy. On the other
hand, as mentioned in Introduction, the polar to PdB
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FIG. 2: (Color online) Superfluid phase diagrams obtained
by changing the anisotropy kFLz and the impurity strength
τ−1 in the weak-coupling approximation. In both figures,
the red curves denote Tc(P ), while each blue curve is a
TPB(P ). Further, the dashed curves follow from the use of
(2piτ )−1 = 0.118(mK), while the solid curves follow from
(2piτ )−1 = 0.236(mK). As indicated in terms of the arrow,
the TPB curve is suppressed accompanying the increase of τ
−1.
In (a), the anisotropy value is |δu| = k
2
FL
2
z
= 30 for all the
curves except the dotted red curve. In (b), the corresponding
value is |δu| = 3000. The dotted red curve in (a) is the Tc(P )
in Lz → ∞ limit, and the dotted blue one in (b) is the TPB
in Lz → ∞ and when (2piτ )
−1 = 0.236(mK).
transition curve TPB(P ) is significantly lowered with in-
creasing the impurity strength. In particular, in the case
with stronger anisotropy, the TPB-line more rapidly de-
creases with increasing τ−1. In quite a recent experiment,
Dmitriev and coworkers [8] have examined the phase di-
agram of an aerogel compressed in a direction perpendic-
ular to the polar axis and have verified that the polar to
PdA transition line is significantly suppressed while the
Tc(P ) line is kept unchanged. Thus, it will be natural to
assume that the nematic aerogels used in Ref.[1, 8] have
anisotropies corresponding to Lz ≥ 55k
−1
F . Nevertheless,
as can be seen in Fig.1(b), the Lz-dependence of TPB
also tends to saturate when Lz ≃ 55k
−1
F . Therefore, it
is unclear whether the nematic aerogel is in the limit of
strong anisotropy. In any case, it seems to be important
to take the picture starting from the side of the strong
anisotropy to understand the data in nematic aerogels.
It is valuable to point out that the p-wave Ander-
son Theorem on the superfluid transition temperature
is also satisfied in the case of a normal to (distorted) A
phase transition under planar-like defects with no two-
dimensional momentum transfer (See Fig.1 (b)) if the
l-vector of this A phase is oriented along the normal of
the plane of the defects. In fact, when the bare pairing
vertex is pk(δj,k−zˆjzˆk), and eq.(4) is replaced by the form
proportional to δ(kˆx)δ(kˆy), eq.(5) is satisfied even in this
case so that the transition temperature is unaffected by
the scattering. In principle, such a situation can be real-
ized in planar aerogels and will result in an extension of
the temperature width of the planar-distorted A phase
region at lower pressures.
In Ref.[11] where different aerogels with weaker
anisotropy than in the nematic aerogel are used, two su-
perfluid phases appear in zero field in the case with no
magnetic scattering effects. The wide low temperature
superfluid phase is certainly the B phase, while the nar-
row equal spin pairing phase at higher temperatures has
been identified through NMR data with a polar-distorted
A (PdA) phase. However, the temperature range of this
phase is wider at lower pressures contrary to the pressure
dependence of the ordinary A phase. The polar phase
can continuously be changed to a PdA phase. Therefore,
through the consideration gievn above on the scattering
effects, it is anticipated that this high temperature phase
should be the polar phase or a PdA phase with quite a
strong polar-distortion.
The present result on the relative position between
Tc and TPB in aerogels with one-dimensional-like global
anisotropy implies that the widening of the temperature
width of the polar phase region at lower pressures often
seen in the nematic aerogels is a reflection of a relatively
long correlation length parallel to the polar axis of the
scattering potentials, which leads to consequences anal-
ogous to the Anderson Theorem in the s-wave supercon-
ductor. Strictly speaking, however, the Anderson Theo-
rem is not sufficiently satisfied in real experimental data
on nematic aerogels. For instance, the real Tc(P ) curve
tends to deviate downwardly, even without the magnetic
4scatterings, from a value close to the bulk superfluid tran-
sition line Tc0(P ) with decreasing the pressure P . On the
other hand, the weak-coupling approximation on which
the Anderson Theorem is based should have its valid-
ity particularly at such low P . As is well known in re-
lation to Anderson localization, the interplay between
the repulsive channel of the quasiparticle interaction and
the elastic scatterings leading to the quasiparticles’ diffu-
sive motion decreases the s-wave-paired superconducting
transition temperature [14]. Since the elastic scattering
is more effective at lower pressures where Tc0 is lower,
the above-mentioned deviation of Tc from Tc0 at lower
P may imply such a breakdown of the Anderson The-
orem due to the quasiparticle repulsion. In relation to
this, the Tc-curve in ultra dense nematic aerogels with
no magnetic scattering effect is strongly suppressed to
lower temperatures [15], which indicates the breakdown
of the Anderson Theorem due to the repulsive interac-
tion effect. To clarify this issue and the problem on the
magnetic scattering mentioned in Introduction, it is nec-
essary to extend the theoretical approach in Ref.[10] to
such directions.
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